We employ a variational Monte Carlo approach to efficiently obtain the dynamical structure factor for the spin-1/2 J1 − J2 Heisenberg model on the square lattice. Upon increasing the frustrating ratio J2/J1, the ground state undergoes a continuous transition from a Néel antiferromagnet to a Z2 gapless spin liquid. We identify the characteristic spectral features in both phases and highlight the existence of a broad continuum of excitations in the proximity of the spin-liquid phase. The magnon branch, which dominates the spectrum of the unfrustrated Heisenberg model, gradually loses its spectral weight, thus releasing nearly-deconfined spinons, whose signatures are visible even in the magnetically ordered state. Our results show how free spinons emerge across a quantum critical point, providing evidence for the fractionalization of magnons into deconfined spinons.
Introduction. The existence of fractional excitations is a phenomenon due to the strong interaction between the particles. It refers to the emergence of quasiparticle excitations having quantum numbers that are non-integer multiples of those of the constituent particles (such as electrons) [1] . In two or three spatial dimensions fractionalization is generally associated with emergent gauge fields and can be described in terms of deconfinement of quasiparticles that are free to move, rather than forming bound states. There are several examples of fractionalization, ranging from high-energy physics to condensed matter, where gauge theories show transitions between confining and deconfining phases [2] . One of the most prominent examples is the fractional quantum Hall effect, where the quasiparticles carry fractions of the electron charge [3] . Another important case is given by the spin-charge separation in one-dimensional electronic conductors: here, the electron splits into a spinon, which carries spin S = 1/2 and no charge, and a holon, with S = 0 and unit charge e [4, 5] . Also one-dimensional insulators exhibit fractionalization in the spin sector, e.g., the Heisenberg model [6] , where elementary excitations are S = 1/2 free spinons and not conventional S = 1 spin waves [7] .
In recent years, motivated by the discovery of hightemperature superconductors, there has been an increasing effort to understand whether spin-charge separation is also possible in two-dimensional Mott insulators. In fact, in two dimensions, magnetic order is likely to develop in the ground state, entailing conventional spinwave excitations (i.e., S = 1 magnons) [8] . In this regard, frustrated systems are ideal candidates, since the competition among different super-exchange couplings may prevent the system to develop long-range order [9, 10] . There have been several attempts to obtain fractional excitations in two-dimensional antiferromagnets, ranging from the earliest approaches based upon the resonatingvalence bond (RVB) theory [11] [12] [13] to alternative theoretical frameworks based on boson-vortex dualities and Z 2 gauge theory [14, 15] . Examples of deconfined excitations have been detected in the Kitaev model [16] or its generalization including Heisenberg terms [17, 18] . Fractionalization has been also invoked to describe continuous phase transitions, where, in contrast to the conventional Landau-Ginzburg-Wilson paradigm, characterized by critical fluctuation of the order parameter, the critical theory contains emergent gauge fields and deconfined quasiparticles with fractional quantum numbers [19, 20] . In this context, dynamical signatures of the fractionalized excitations have been recently considered within a spin model with ring-exchange interactions that can be solved by a sign-free quantum Monte Carlo method [21] . Along this direction, one could argue whether some evidence of nearly-deconfined spinons is also present inside the antiferromagnetically ordered phase, close to the quantum transition to a disordered phase (that could be either a spin liquid or a valence-bond solid). The possible coexistence of nearly-free spinons and conventional S = 1 magnon excitations has been suggested by recent neutron-scattering experiments on Cu(DCOO) 2 ·4D 2 O, which have revealed the presence of a very broad spectrum around the wave vector q = (π, 0) [and (0, π)] together with a strong magnon peak around q = (π, π) [22] . The experimental results were combined with a theoretical analysis based upon variational wave functions and the unfrustrated Heisenberg model. Still, the description was not fully satisfactory, since the magnon branch in the whole Brillouin zone was recovered by a variational state that includes magnetic order, while a broad continuum of deconfined excitations was obtained when using a spin-liquid (i.e., RVB) wave function [22] . Furthermore, exact Monte Carlo calculations, combined with stochastic methods to deal with the analytic continuation of imaginary-time correlations, have shown that the magnon weight is much reduced near q = (π, 0) and, at the same time, the continuum is very broad [23] . Unfortunately, this kind of approach is possible only for systems with no sign problem, such as the unfrustrated Heisenberg model or generalizations including four-spin interactions [24] .
In this letter, we report variational calculations for the frustrated J 1 − J 2 spin-1/2 Heisenberg model on the square lattice. Different numerical approaches suggested the existence of a quantum critical point at J 2 /J 1 ≈ 0.5, separating an ordered Néel antiferromagnet and a nonmagnetic phase [25] [26] [27] [28] [29] [30] [31] , whose precise nature is still under debate. By using a recently developed variational technique that can deal with low-energy states with given momentum q [32, 33] , we report the evolution of the dynamical structure factor from the Néel to a gapless Z 2 spin-liquid phase, which is obtained within our approach. The gradual softening and broadening of the spectral signal around q = (π, 0) and (0, π) when approaching the critical point represents an important hallmark of the spin model. A gapless continuum of free spinons in the spin-liquid phase is ascribed to four Dirac points at q = (±π/2, ±π/2). Moreover, our results suggest the possibility that nearly-deconfined spinons already exist within the Néel phase close to the critical point. This work provides the evidence that the dynamical signatures of fractionalization observed for the sign-free model of Ref. [21] is a generic feature of continuous quantum phase transitions in frustrated spin models.
Model and method. We consider the J 1 −J 2 Heisenberg model on the square lattice with N = L × L sites:
where
) is the spin-1/2 operator on the site i; the Hamiltonian contains both nearest-neighbor terms along x and y spatial directions (J ⊥ 1 and J 1 , respectively) and next-nearest-neighbor ones along x + y and x − y (J 2 ). Here, we consider J ⊥ 1 = J 1 only when
The central aim of this work is to assess the dynamical structure factor at zero temperature, defined by:
where |Υ 0 is the ground state of the system with energy E 0 , {|Υ q α } are the excited states with momentum q (relative to the ground state) and energy E q α , and S a q is the Fourier transform of the spin operator S a i .
For generic values of the frustrating ratio J 2 /J 1 , there are no exact methods that allow us to evaluate the dynamical structure factor. Therefore, we resort to considering a suitable approximation, by employing Gutzwiller projected fermionic wave functions to construct accurate variational states to describe both the ground state and low-energy excitations. In particular, we consider an auxiliary superconducting (BCS) Hamiltonian:
where, c † i,σ (c i,σ ) creates (destroys) an electron with spin σ = ±1/2 on the site i; t i,j is a complex nearest-neighbor hopping generating a staggered magnetic flux on elementary (square) plaquettes [12] (when J ⊥ 1 = J 1 , different amplitudes along x and y are considered); ∆ i,j = ∆ j,i is a real singlet pairing with d xy symmetry [34] ; finally, ∆ AF is an antiferromagnetic parameter pointing along x, with periodicity given by the pitch vector Q = (π, π). A suitable variational wave function for the spin system is obtained by taking the ground state |Φ 0 of the auxiliary Hamiltonian H 0 and projecting out all the configurations with at least one empty or doubly occupied site:
,σ c i,σ being the local electron density per spin σ on site i) is the Gutzwiller projector. In addition, the spin-spin Jastrow factor
is also considered to include relevant spin-wave fluctuations over the staggered magnetization induced by ∆ AF [35] . Finally, P Sz is the projection onto the subspace with S z tot = i S z i = 0. Due to the correlated nature of the variational wave function, the evaluation of all physical quantities requires a Monte Carlo sampling. All the parameters inside H 0 , as well as the Jastrow pseudo-potential v i,j (which is taken to be translationally invariant), are optimized by mean of the stochastic reconfiguration technique, to minimize the variational energy of |Ψ 0 [36] .
Following Refs. [22, 32, 33] , for each momentum q, we define a (non-orthogonal) set of states, labeled by the site position R, which can be used to approximate the exact [37, 38] , is also reported for comparison (red star). low-energy excitations:
(5) By diagonalizing the Heisenberg Hamiltonian within the subspace {|q, R }, a set of approximate excited states |Ψ q n = R A n,q R |q, R , with energies {E q n }, can be constructed, as described in Ref. [33] . Then, the dynamical structure factor of Eq. (2) is given by:
where E var 0
is the variational energy of |Ψ 0 . We emphasize that, within this variational approximation, the sum over excited states runs over at most N states (instead of an exponentially large number of the exact formulation). Our approach is particularly suited to capture two-spinon excitations, both when they form a bound state (for example, a magnon) and when they remain free. In the following, we consider the z-component (i.e., a ≡ z) of the dynamical structure factor of Eq. (6). When ∆ AF is finite in the auxiliary Hamiltonian of Eq. (3), the variational state breaks spin SU (2) symmetry and S z (q, ω) probes transverse fluctuations; instead, for the spin-liquid wave function, with ∆ AF = 0, all the components of the dynamical structure factor give the same contribution. We want to stress the important fact that all the quantities that define the dynamical structure factor of Eq. (6) can be computed within a variational Monte Carlo scheme (without any sign problem and without any analytic continuation).
At this point, we want to discuss an important aspect of the present method, highlighting its virtues and limitations. Before Gutzwiller projection, the excited states are particle-hole excitations in the BCS spectrum (i.e., twospinon terms). In this sense, we expect this approach to be suited to describe excited states of deconfined phases, as for example in one-dimensional spin models, where a broad spinon continuum dominates the spectrum [33] . Nonetheless, bound states of two spinons can be also obtained, such as single-magnon excitations [22] . The possibility to capture the multi-magnon features is more problematic. Indeed, even though the Gutzwiller projector may induce such high-order processes, the results of Ref. [22] (but also the present ones) show that the multimagnon continuum in the unfrustrated Heisenberg model is highly reduced with respect to what is expected from other kind of calculations [23, 39, 40] . Therefore, in our approach, the presence of a continuum could be directly associated to nearly-deconfined spinons rather than to multi-magnon decays.
Results. We start from the nearest-neighbor Heisenberg model with J ⊥ 1 = J 1 and J 2 = 0. For J ⊥ 1 = 0, the lattice is decoupled into L copies of a one-dimensional chain with L sites. In this case, there is no magnetic longrange order and the elementary excitations are spinons, which form a continuum of excitations in the dynamical structure factor [41] . The variational Monte Carlo procedure described above gives an excellent description of the exact spectrum [33] . As soon as J ⊥ 1 is turned on, the ground state develops Néel magnetic order and the coherent magnon excitation settles down [42] . Within our variational approach, the optimal antiferromagnetic parameter ∆ AF is finite as soon as J ⊥ 1 > 0 (in this case, no pairing terms are considered). Our calculations show that the spinon excitations, which characterize the spectrum of the one-dimensional Heisenberg model, are gradually pushed to a narrow region at higher energies, progressively losing their spectral weight. Concurrently, at low energies, a strong magnon branch sets in. The results for different values of the inter-chain super-exchange J ⊥ 1 are shown in Fig. 1 . For J ⊥ 1 /J 1 = 0.1, the dynamical structure factor still resembles the one of a pure Heisenberg chain [33] . However, at variance with J ⊥ 1 = 0, where the spectrum does not depend upon q x , here there is already a sensible difference in the intensity of the lowest-energy excitations for different q x : for example, at q y = π, the strongest signal is found at q x = π, due to the presence of the (weak) Néel order. As J ⊥ 1 /J 1 is raised, the gap at (π, 0) and (0, π) increases. In addition, the former one gains spectral weight, while the latter one loses it, until the limit of J ⊥ 1 /J 1 = 1 is reached, where the rotational symmetry of the square lattice is recovered and the two momenta become equivalent. Remarkably, the broad continuum that characterizes the quasione-dimensional spectrum gradually disappears when approaching the two-dimensional limit. Here, the multimagnon continuum is very weak, especially at low energies. In this sense, it would be tantalizing to discriminate between two possible channels for the magnon decay, one driven by a magnon-magnon interaction, leading to a multi-magnon decay, and another one in which the magnon splits into two spinons. While the latter one can be captured by the variational Ansatz of Eq. (5), the former one may go beyond our description.
The indication that deconfined spinons are released when approaching a quantum critical point comes from the analysis of the more interesting case with J ⊥ 1 = J 1 and frustrating J 2 . First of all, to locate the quantum phase transition from the Néel to the magnetically disordered phase, we compute the staggered magnetization using the isotropic spin-spin correlation at maximum distance for different lattice size, and we extrapolate to the thermodynamic limit. The results are reported in Fig. 2 and show that the magnetization drops to zero at J 2 /J 1 ≈ 0.48, as suggested by recent variational calculations on the spin gap [26] . The disappearance of the order parameter is related to the fact that ∆ AF → 0 in the auxiliary Hamiltonian (3). In the region where ∆ AF = 0, a finite paring amplitude with d xy symmetry can be stabilized, but no energy gain is obtained by allowing translational symmetry breaking in hopping or pairing terms, thus implying that no valence-bond order is present. The results of the dynamical structure factor for different values of J 2 /J 1 are reported in Fig. 3 . For weak frustration, the magnon branch is well defined in the entire Brillouin zone, including q = (π, 0), and the multi-magnon continuum is very weak. In the unfrustrated limit with J 2 = 0, we recover the well-known result that the lowest-energy excitation at q = (π, 0) [and q = (0, π)] is slightly lower than the one at q = (±π/2, ±π/2) [22, 23] . However, our variational approach is not able to capture the asymmetry between the weights of the magnon pole for these momenta. Still within the ordered phase, two principal effects are visible when increasing J 2 /J 1 . The first one is a gradual broadening of the spectrum, with the formation of a wide continuum close to the magnon branch.
The second one is a clear reduction of the lowest-energy excitation at q = (π, 0), as suggested in Ref. [26] . This fact is related to the structure of the BCS spectrum of the auxiliary Hamiltonian (before Gutzwiller projection), which contains staggered fluxes and a finite d xy pairing. Here, there are four Dirac points at q = (±π/2, ±π/2), leading to two-spinon excitations that are gapless, not only for q = (0, 0), (π, π), but also at (π, 0) and (0, π). The above choice of the parameters (giving the best variational energy) corresponds to a gapless Z 2 spin liquid, dubbed Z2Azz13 in Ref. [43] . Within the antiferromagnetic region, the presence of a broad continuum, which can be captured by our variational Ansatz with two-spinon excitations, suggests that nearly-deconfined spinons may be present even in the ordered phase [23] , as evoked few years ago by field-theory arguments [14] . Yet, in the J 1 − J 2 model, fully deconfined spinon excitations are actually present beyond the critical point, for 0.48 J 2 /J 1 0.6.
Conclusions.
In this work, we assessed the dynamical properties of a highly-frustrated (non-integrable) spin system, by using a variational Monte Carlo approach based upon a restricted basis set of approximate excited states [32] . We provided evidence for a gradual broadening of the spectrum that develops when increasing frustration, not only close to q = (π, 0) and q = (0, π), but in the whole Brillouin zone, in agreement with deconfined criticality in which no coherent magnon excitations are present at the transition point [19, 20] . A second important outcome is the development of gapless modes at q = (π, 0) and q = (0, π), which also characterize the whole spin-liquid phase found for 0.48 J 2 /J 1 0.6. At variance with the unfrustrated model studied in Ref. [21] , where these gapless excitations are due to an emergent O(4) symmetry (involving both Néel and valence-bondsolid order parameters), here they originate from the four Dirac points at q = (±π/2, ±π/2) in the spinon spectrum of the Z 2 spin liquid. Finally, for weak frustrations, the concomitant existence of a magnon pole along with the broad continuum captured by two-spinon excitations hints the possibility to have an unconventional antiferromagnetic state, where magnons and nearly-deconfined spinons coexist [22] .
Note added. During the completion of this paper, we became aware of a similar work, based upon semianalytical techniques, which also studied spectral properties of the frustrated Heisenberg model, supporting the possibility for a deconfined criticality when increasing J 2 /J 1 [44] .
